The convergence and stability analysis of a``variable'' quadratic g 1 -spline collocation method for solving the initial value problem
Introduction
In this paper we present an analysis of a particular one parameter collocation method, based on quadratic g 1 -splines, to ®nd approximate solution to the initial value problem:
Letting the interior (non-nodal) collocation point x kÀ1b x kÀ1 bh, be dependent on some parameter b P 0Y 1, we well establish the so-called b-method where an interesting relation is revealed between the b-method and the well-known explicit mid-point rule, if b 1 2 , which has no interval of absolute stability and is of order two, hence (see [1, 2] ) the method may be regarded as a continuous extension of the mid-point rule for solving Eq. (1) in the sense that it reproduces the values generated by the mid-point rule at the mesh points. Moreover, the method provides a continuous approximation to the ®rst derivative as well. Similar results are obtained if b 1, and Applied Mathematical Modelling 23 (1999) 153±160 the b-method is a continuous extension of the trapezoidal rule (which is A-stable) and is of order two.
Global methods for solving ®rst order ordinary initial value problems have been investigated in 1967 by Loscalzo (see [4] ). Since then several authors have presented similar procedures based on the use of splines (see, for example [2, 5] and the references cited therein).
Recently, a class of generalized trapezoidal formulas for solving Eq. (1) has been introduced by Chawla [1] . Another linear one-step method which can be of value in the context of stiness is the so-called Theta method (see Lambert [3] ).
For a given positive integer N the interval [0, b] is partitioned into N equal subintervals s k x kÀ1 Y x k Y k 11x , with stepsize h ax . Let p 2 denote the collection of all real polynomials of degree at most 2, and
If gX 0Y 3 R is a real-valued function and b P RY 0`b T 1 is a real parameter, then g kb 
and hence s is uniquely determined in [0, b] . Based on the quadratic spline scheme discussed above, we are now able to develop a global collocation method to ®nd an approximate solution sx to the exact solution yx of the initial value problem (1). Let f P g 2 0Y Â R) and satisfy the Lipschitz condition
The approximate solution sx will be constructed as follows: On
where
and s kÀ1b , for k P 1, using the initial conditions s 0 y 0 Y s H 0 f 0Y y 0 , can be found via Eq. (4a) by using a quasi-Newton method or the contraction mapping principle. It can be easily veri®ed, using the contraction mapping principle, that the quadratic g 1 -spline approximation to Eq. (1), is uniquely determined if vhba2`1. Proof
or in matrix notation (5) will be s k es kÀ1
and the coecient matrix A has spectral raduis 1 À bab b 1, if b`1 2 .
Convengence and rate of convergence
In this section, we proceed to obtain a priori error estimates, in the uniform norm, for the proposed b-method. It will be shown that the method is of Oh 2 if f P g 2 0Y Â R. An estimation for the local truncation error (LTE) of the b-method can easily shown to be (by direct application of Taylor's expansion about x kÀ1b ) , the method which corresponds to the embedded mid-point rule, has LTE h 3 24 y 3 a k , whereas if b 1, the method which correspond to the embedded trapezoidal rule, has LTE
, then a bound for the global error e kÀ1b of the b-method can be given by
and consequently
Since (using Eq. (4c)) i.e.,
In particular if b 
Theorem 1. Let y P g 3 0Y , then for all x P Y , we have
where k j b denote generic constants independent of h, but dependent on b and upon the order of the derivative.
· Use Eqs. (4b) and (4c) to compute s k and s
H x is computed from the derivative of Eq. (2). See for example Table 2 and Table 3 .
Example 1. First, we consider the sti equation
whose exact solution is
Example 2. In this example we consider the problem
with exact solution yx x 3 X Table 2 Absolute maximum error for s(x) and its continuous derivative for Example 1 Table 3 Absolute maximum error for s(x) and its continuous derivative for Example 2 
Concluding remarks
In summary, we established a``variable'' g 1 -quadratic spline procedure, that depends on a parameter b P 0Y 1Y for solving ®rst order ordinary initial value problems. The b-method is a continuous extension of the explicit midpoint and the trapezoidal rules, if b 1 2 and 1, respectively. Moreover, the method is shown to be of order two and numerical results indicate that b 0.8 may be the optimal value. Also a wider region of absolute stability is achieved, as b 3 1 À X
